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• •. Hi ninuxrd : s t ruatur al ' weigii.t orS: .a . :v7ing .i-.s . e n siir ed ''when 
wi:thin ."bounds .of the selected' support system,- the- ;:s true-' - ■ 
tiiral/.inaterial -.havirig-. the -highest ef f iciency, io^h f or ... 
t~e>isi6n ,'• for -huckling) i s so di;sp6sed that its -cros 

sectio'iia,!' -area-s are everywhere- utilized up to the strenc^th 
1 iEd-i-t-, * ' -in'-'par t icul air , • unecqnoraic h ending - s t r e s se s (he-c aus e 
'bf-'%he. only locally restricted m'axiinum " str'ess -^o^f^ the liiate- 
rial) should he avoided wherever possible. Ihls stipula-^ 
iii-6ri*bf r-esoiving all stresses Into pure/ ten si oh- /and com- 
prbs'sion intimates- the- •utility '-of truss heams, -and "thus . 
explains their ■ever^-increasiiig use in the design of the ; 
modern Targe airplanes. The outer shape" "of a cantilever 
*wing.'"and with it' the' height of tlio "heani is dGtormihGd by 
the aorodynamicaliy defined, airfoil . The problem then is 
to • decide ''on "the typo of construction-, a matter -/which -do- 
pdhds on- tho nature of tho oxt ornally impo sod' loads, • ; 
Thbir rosultant can bo. readily resolved into components ' 
p'arallpl and normal to tho wing chord. The parallel c6m-i 
ponont i s invariably , as a glance at figure 1 shows , a 
smell fraction of- the normal component and, in addition, 
encounters tho wing chord as -hoami height; h'onco, will not 
bocome decisive for beam shape or calculationi In direct 
contrast, the normal componoht is predominant and, because 
of the small beam height, docisivo;" aside from that. 'the' 
points of application of their resultants are extremely 
variable. (See fig* !•) In view of this variability, ■ 
the- lightest weight is oontingent upon* the whole struc-^ 
ture helping to carry the load,- i.e., a very high combined 
effect between all supporting parts. -By combined effect 
we imply, for example, the subsequently examined multispar 



* "Zur genauen Berechnung vielhblniig-parallel st egiger.,. . gah-Z- 
und halbf reitragender , mittelbar und^^unmit telbar b'eias-* 
teter FlugelgeriT)pe . " Zeitschrift fur ?lugtechnik und mo- 
torluf tschiff ahrt, October 28, 1931, pp. 597-603. 
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wing, in which a spar not onl^;:. carries tlixs -l but at the 
same time is helped "by adjacent spars through the agency 
of the ribso ComlDined effect is impossible in a two--spar 
wing unless thev-bond between; rib and spaii: 'affords the 
transmission of a torsion moment to the spar and the lat.ter 
itself. Is .resistant to torsion. A two- spar- 1 at tic e wing 
ha,s no 'combined effecto In three-spar or multispar wings 
torsional stiffness of the' individual', spfeia? is.no longer 
necessary; resistance to bending sufficeso 

In our case, ioOo, multispar cantilever wing, the par- 
allel webs are interconnected by transverse ribs, . 

Consistently ..with .-our pre.cedi stipulation, >e not/ ";.; 
visualiz-e spars and. ribs as truss beam or grillage. The \ 
normal loads ar.e ..takeiji up and -transmitted by the . normal^ - • " 
lift- truss of • the 'sjpar o ; The equally normal rib:-.;trus*s toV ■ 
gether wl th the spar/ lif t-truss. '.if prm a. beam grillage ahd 
•.-effect the requisite .bpnd« The.^inddvidual llf:t-^t.rxis^ 
of this "grillage "are. not rigid,. in torsion, nor: i s .the**- gr'il- ■ 
lage- stable- against' loads acting ,in -i t sr plane/o . ^ 'To take 
up - the small- parairei loads the s'Aear. strength^ of a. cb'rru- 
gated metV.l- skin is *tis"fed exclusively, which, al.so • taikes .up -- 
the air ibad's-'and their transmission to-, the\:l;if t--trusi^--- 
flanges'of the * spar' in form" of, an equivalent • load, The: 
u.nloaded transverse structure (r ib.s) • merely sorves.' to pro- 
duce the comt>ined ef feet . and. prevent s pverstj^ess ■; in^the-' 
metal skinc ' These ribs make, the complete structure stat-^-- 
ically indeterminate. Such. .designs should- ordinarily bd' ' 
avoided for wing structures because the statically inde.-' 
terminate -Structure i^ usually heavier , than the . equivalent 
sta.t ically determinate sti-uc.ture, due to the incompl:e te^* 
usability of the sections of .the members. .. But this par- • 
ticular case is an 'exception.. . The great .variability of 
the location of the applied, load, produces, in. view of- the 
combined effect through the statically ^indot orminato lat- 
tices, such a far-r caching .unloading of tho rospective 
mombor under load as to make the comp lot o statically in- 
determinate structure, liglit or. in spite .of • i t . . Thi s com- 
bined effect, moreovor, becomes vi ta-lly .iciportant. when, y 
duo to failure, of one- pa-ip.t., . tho remaining mombcrs 'must • 
take over the load. of the.othero. 

. _ Eor -our- purposes we select . the spar spacing, at l./lQ. 

wingchpr^^: and.-- specif icalty-, we'arrangfe 'seyen/ spa^ lift-.:;.;, 
trusses. ■: • • '.' •-• *•• --^y^ ■ •;■ •.; r: 
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Rib spacing and thickness are defined in keeping with 
the fact that the combined effect is considerable even 
with-.'fefw small ribs and shows but little increase v/hen in- 
creased in number or size. Liaziaum combined effect even 
with comparatively small ribs is then obtained when the 
rlatter are. in tho- vicinity of maximtLm sj)ar deflection, 
i«.o«,- svt the iwirig 't ip s. 

In* accordancd with calculation, wd presume equal 
stiffno3S'. in bonding in all six ribs. (See fig. 2.) 

After .thus explaining' the most essential points for 
.obtaining the requisite "lightest^" wing, there remains : • 
the statical anlysis of the complete structure, so as to 
be able to decide upon the dimensions of the individual 
parts. . This is done by an uniisuai method, . the principal „ 
advantages of which are; 

1 « - Freedom of static examination from special . load 
case by introduction of influence lines, consequently . one 
investigation covering -all load casas (pull-up glide, 
steep, dive, inverted flight, •pull-up .in inverted flight, 

etc,.) . " ■■ - 

2c Simple Inclusion of direct loads in the static 
analysis, - . - : 

3, Provision for actual support conditions on fuse- 
lage and eyentual bracing". ■ • * ; 

4, Regard as to limit- of rib stiffness. 

5, Calculability of covering effect.. 

6, Examination of each spar inertia momont occurrence. 

7, Utmost possibility of approach to actual load at- 
titude, 

. 8. Special qualification for calculating extremely 
largo and "all-wing" airplanes. 

. In conclusion, it may bo observed that the study is 
equally applicable, with suitable modifications, of 
cpurso^ to wings with varying chord, and that the consid- 
eration of a load variable along the spars (tapering at 
the tip, for example) , presents nib obstacles. 
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Here a,lso it is e ss^ntial to \diffarentiate' "between 
external' loads pajraliel ' and •.no.rmal /ta vthe • plane of the . 
grillage^ The parallel ibads are "bal-.anced "by the shear 
strength of the sl-in; the normal loads; .ar:e treated as fol- 
lows (see fig, 2): With the ...stipulated 'f:o^Lr.--^^^ 
port the complete "spars and two. vrifhs^ let :us say; x = 
and . X = 79 suffice to maintain stability, with the -r-d-* 
suit that 12 rihs may "be altogether removed. Since each 
rib as beam on seven, supports, i s- five , time s statically in- 
determinat er J the t.otal', nuimher.. of the statically indeter- 
mina,tes-is- 12 X 5 = BO, Substituting the word "rib" for 
"spar," and vice, versa, yi.elds the ;• same':;f inal re'sult-, 

G^h^ral rule:/ 'A.\^t ill age extraneously... support ed by 
four conditions (limitations of displacement and distor- 
tion)- with member $ ;*unstabie...in tor slon - .i s ext eriially - stat- 
ically determinate "arid "internally as .-mai-ty ...tame s statical- " 
ly indeterminate as it ha.s internal Joints (from which 
four members emanate)... . ..Sv.ery JB^t,er.na,l additional co^ndi- 

tion "'S''ti'pulate's in' external static; indet-.ermlriateness. Al- 
beit t'h-i-s total number .o.f ^statically ind@-t ermina^te quan- 
titie.^- is no<w reduced, to.. 30, becaus.e qf the symmetry of 
the -load's, ah exact treatment by conventional methods- of 
statics is still, out of the question-, so- recolirse is*ha.d 
to the method of differential equations as broached 
Professor Eii'nst Melan, Vienna. Instead of the truss beams 
'we substitu'L-c solid be?-ra.s with - inertia moment ' . J = J ri 
In-addition, we discard the hitherto customa.ry, but- very ' 
arbitrary assumption of cantilever wing rigidly restrained 
at the fuselage. It., is felt, tha"^ this '.'.free body" diagram 
as illiAstrated In Figure 2, is more nearly correct. It is 
the same as considering the -two- semi-wings, :co'nhected di- 
rectly or by means' "of a central frame, as static, unit on 
which the load, now .symmetrical to the airplarie axis,- is 
.impo':sed'"and 'Wherein' the ' load encounters its opposing 
forces in the at t achment .f or ce.s. of a' fuselage or in direct 
wi-ng' load-s -as encountered when approaching the "all-wdng" 
type of airplane V where engines, tanks, cabins, controls, 
etc., are mounted on the. wing. ..Since these are conditions 
very* largely dependent ' upon the repp-ective type of con- 
struction, we confine ourselves to representing the meth- 
od with a statically , dot orminato arr.angement of the oppos- 
ing f orces, as indiccted.in Figure-^2y . and .eoSplaining cmy • 
occurring changes Under other support -conditions during 
the -ensuing calculation.: That .this method i s -particular- 
ly suited for the calciilat ion .of .giant .airplaiii^^ types,'- ' ' ' 
such as the Junipers, Eumpler, and Dornier is obvious. An- 
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other feature from the . structuraV .ppin\ of. view. is. 'th^t : 
the perfectly- free truss is unstable, against asj/mmetrical 
normal loads, such as ar e impo sed. Sy? '^^^^ effect, in 

spite of the covering, to the extent tiaat, duo to the lack 
of: rany. t or.si.onal. .stiff ness of th.e .grillvage.. miemhers , the 
entixe grillage . csqi,. without resistance',' <3.efdrin into -a- hy- 
p-erholoidai ^^rea,. "hecause all . grillage members, remain 
straight* Thi s instability, can be. remedied by restrain*^ 
ing. at .least f our, joints of the' grillage., ;say , . f p.ur . f usor-. 
1 ago.; attachment p"o:iiit"s. relative to the grillage" or else 
by, .resorting .t,p- spatial stiff ening. In the nume:rical,. es-* 
. e'cut ion,- ;w.e confine the- accuracy to that obtathed. by ... 
slide. rule. 

To comprehend the static, behavior of the complete . ■ - 
;wing structure and in par ticular - of the combined effect- 
between the individual /spaT walls, a.s well as for: provid- 
ing the requisite: bases of; the proportions., we -rely on 
the influence lines. . Our influence lines, somewhat at . 
.variance with their; prthodos; definition, have .as prdinates 
the- influence of .an equiyalont -load: of 1 per unit- -length-.; 
of -.spar, extending over pne whole spar (from , x = 0. -.to 
x.= .13 in our example) , when this load- constant by it— ■ 
•self,, travels from spar, to spar in rib dir.e.ctipn no,; di- 
rect rib loading being presumed herein - to the requisite 
magnitude (spar .moment, rib moment, -displacement -pf .joint) 
at the respective point. . .Altogether .there are seven dif-^ 
fer.ent load, positions. . When one spar . y = constant sets 
up a .uniform: load along its whole length, all other spars 
are unleaded. ' Hence the . computatioji of all. roqui-site. 
quantities for "oach of those, scyon load positions makes 
it possible- to .p.lot each influence line .of these . quanti- 
ties. By virtue of the symmetry of the wing structure to 
the center spar, it is necessary to investigate only four 
instead of seven attitude 'To- assure /inclusion, of di- 
rect wing loads.. the procedure is as follows: - arbitrary, 
.direct wing loads. :ar.e. always known., and consta.nt fii ma.g- ' 
nitude. and- .place', hence . are counted .among the ..other 
known external loads Jwhich merely have to comply with- the 
general -.conditdohs'^ of.* -external .loads- oti the. free: grillage.. 
In order to be able to retain our method- of defining the ... 
influence lines we select one of the "unit loads" of the 
whole wing '(all spar.s: loaded with- . 1 per- .meter- length), 
bearing in mind the relation between actual weight of the 
direct load (engines, cabin, fuel tanks, etc.) .and in- di-. 
rect actual wing lo.a-ding,;. a. corresponding- part of the di- 
rect loading apply, during loading of one of the m spars, 
the m.^'* part of the direct loading at the requisite 
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points, define the reactions necessary .hereto . ^occurring 
ei as "body attachment forces or as'dlrect control. * • 

forces on the "all-wing" airplane) aft ef*. which we can 
proceed as in the .ordinary case* 

To illustrate:' . Let an averageV ©qu'able spar .loading- 
of 150 kg/m* oe synonymous* to the mean actual- wing. load-. •■ ■■ 
ing; an engine' of 800 kg actual weight is assumedly mo.unt-' 
ed on the top of the wing in form of a. single, load.. Our'"'" 
influence lln'e calculation was carried. oUt with a stipu- • 
lated equivaJent spar load of 1000 kg/m^ ♦ .Consequently , 
we must, in order to maintain similai* loading conditions,-"-* 
determine a" corresponding part of the direct loading 

(800 X = 5320 kg) in view .of. the. ^relationship he- 

tween actual weight of .direct loading CSOO. kg) a,nd mean 
surfa.ce loading (respectively , . of the t?'quivalent spar load 
150 kg/m* dependent thereon). So when Ibading the wing- 
with the originally ; assumed equival'ent lo'ad. ' (1000 kg/m^ )- 
over all spars a,nd using up the computed direct' loading ' . . 
proportion (5330 kg), this system of forces must he hrought* 
into equilibrium by normal f or ces applied at those points 
"where, by nature, fuselage^ attachment forces or control, 
forces must occur," Our method of defining the. influence 
line.s stipulates loading of only -one of the m spars at 
one. tinie, so that obviously only the m'''^ part of the 
direct load- portion must .be applied, because * all / m spars 
together are to correspond to- the complete portion again. 
After defining the reactions for this loading/attitude, 
the calculation can be carried through for' this case. . 
The method is applicable to any airpld-ne at ti tude , even 
for case .C where, as is known, no component of thedirect 
loading must he incurred in the normal direction of the 
wing, 

Before beginning the actual" cal:cxil at ion', the inertia • 
moment of spars and ribs and some notation's must' be' de-- 
fined. The spars are assumed as truss-cant il ever " of equal- 
resistance in bending, tapering line^.rly ' In height from . 
the root toward the wing tip. Counting x beginning g,t 
the wing tip. and stipulating an equivalent load -q , per . 
meter of length, we have * * 

* I^x = a x2 /2 ; a - Ux/^xl ^x. Hx/a- = q /2 o . 

and therefrom, ' ♦ . • 

J = t? h/2 =: q'h/4 a -x?r- ■ ' ' 
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which, with h = a 2: reveals moment of inertia 

Jx = q a/4 a z3 = k x3, 

wherein k is the spar inertia moment at the first Joint 
X = 1, Besides, we stipulate equal stiffness in oending 
in all spars, and equal and constant inertia moment of 
magnitude k in all ribs, so that * Jy = k. 

notation: spar spacing h = 1; rib spacing 1=4. 

q) = _L- = — 4 . ^ _h_ ^ X ; 

E J:c E k ^ E Jy Sk 

CP = cp =0^032. cp = q? = Q*Q19 > 



s • 9 Ek 9 ® Ek 

^7 



0,019 

Ek 



As cantilever bea.m of equal resistance in bending, the 
spar demands, consistently with the foregoing, an inertia 
moment conformably to a cubic parabola. A truss beam with 
constant flange profile and linearly changing height would 
yield a square parabola. ?or that reason the flange pro- 
files must be graded. These conditions, which are alto- 
gether subject to the particular case in point, are ac- 
counted for here by using in each spar panel the maximum 
instead of the mean inertia moment for defining cp . ?or 
designating cp^ the number of tho Joint following tho 
panel was usod. 

cp is J^ndependcnt of y, y is independent of x 
and y. The displacomont af joints x, y normal to plane 
of grillage is z^y 

The moments at the joints in direction x: L^-i ,y; 
/ Lxy ; I'x+i , y 

The moments at the Joints in direction y: y^x^y-^i* 
^2c,y*; ^x,y+if 
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The support- pressure of the freely* borne beam at- joiiits 
x,y set up by external loads, is T^y =.4. The support 
pressure of the moment loa^ding bi the freely supported 
bean at joint x,y induced by this member is P^y = S/S, 
(Only the 5pars y = constant ""$.re : loaded, th^ uni- " 

foriily with unit loading 'per unit length, -hence ;. 

P^y = I X I f I = I X I ?<^2-X .4 = . because 1 = 4, f =* 

-^^^TT- - 2,) Jorce and displacement are'- counted" positive in 
o 

the same direction* The bending moments sre positive when 
the center of curvature ^ of- "the 'deformed iriember lies on the 
side of negative ^ry 

The development ..of the differential equations begiiis 
with Clapeyron's three-moment eauation: 

\ "^x+i- ^x J ^x '"x+i / 

modified for our purpo.se s t.o : 

9x Lx^i"^ 2(?x + ^?x-i:i)Lx ^x+i Lx+i ...... . 

/: + 5/1 (s-c-hi- 2 Zx +..Z::-i) = - 6. P/l (^x.;^ ^ x+ 1) - '* ; 
For, abbreviation, we|" write:' 

' 6P^y/l (cP:c -^'^x+i) = Uxy ^ 

l/l (z3+r - 2 + z,,_i). = 132, (s) 
.l/b (zy+, - 2 Zy + Sy_i) = Dy(z) ■ 

whicli afford the partial differential sqiaations. = 

, . ^..s.(..9.X) + 6 D. x(.z.) = -. Uxy ... .. • (1) 
^.y(t H) + 6 D y(z) = 'Cj - ■• (3) 
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EacA vj pint .having three co-ordinated unkn-ow^n -^laanti ties 
(L,M'^.z) /*"a . third 'equation i.s. .needed and obtained frlpm the 
equilibrium of the joints perpendicular to 'the plane' of ' 
the grillage. The proportion ' of moments • L ' 'at- the joint s 
in direction of the external load is: 

l/l (Lx-i ,y - 2' Lxy.+ l^x+i^.y) = D x(L) . 

Moments M at the:': j oint a iCQjiia^ilnxte : • 

(y^x,y+i - 2 M^cy + Mx,y^i) = Dy(M). 

Contribution of exterTial* lo 

;v.:;Thus. follows vthe third equation rof-;^ .• 
sy.s-te?n:'- : . v r ■ • 

D x (L) V'(M) = Txy " " ' ' ' 'l^) ' 

Since our; lift s t r.uc ture ha s free; ;-h oun d ar i e; ^ ■■ an 1 y ,^ ■* ' 
the conditions stipulate that the moment in direction nor- 
mal-.to' -the "boundary must -disappear ;• ; lixy-r 9j ^xy 0, 
The. cross stres.s in the- f.lr.0. panel outside of ..the .area 
must therefore become zero. " This ".Is proportional 'to th'^ * 
difference in 'moments at' the ends " of* the '-meinbersi 



y = 


0; 


Mx,y-i - 


Mxy - 


6-f 


consequently;"'- 




y = 


m; 


^^x.y+i - 


Mxy = 


0;"" 




J^x,y+i = 0,. 


X = 


0; 


I'3c-r,y 


••^zy =. 




.. • 


•^^-i,y 0 


X = 


a; 


Iix+i.y - 




Oj 


n 


^x+\,y - 0. 



■ V If the wing structure has more. ..than f our fusel a,ge . at-* 
tachments, or if outlying joints are prevent ed from shift- 
ing b;^ strutting, as in the semicantilever wing, for in- 
stance, the attachment press.ures impo sod- 6n"*tb.ese redun- 
dant attachment points are statice.lly indeterminate in 
their normal component. • ;:• :• : 

TheseVpressTires are temporarily ■ introduced: as unknown 
exter3;ial:;io.a^ and the procedure is. a,s f pllbws,; . 
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. Plastically restrained joint: Zx'jr;.= .k Txy^ -when 
^xy represents the unknown attachment pressure'- at joint 
x,y*. As shown- elsewhere , . we have 

• • • m 

and , i-^o . 

Ii.= [l/l (Xx-x - :2 X3c > Xx+x) ■+ (s) ] (-^^/^i) , 
wherewith • ■ • 

k T^cy = Z rii 4/a)i ri./l..(Xxifi - 2 X^ + X^^+O +' H (s)] 

"becomes' the general increment equation for defining: the 
statically indeterminable attachment pressure at each re- 
dundant elastically restrained joint* 

For redundant fuselage attaclim.ent the premise of rig- 
idly 'testraliied joints', ordinarily should hold. 

. .2. Rigidly restrained joints: z^-y = 0, , consequently, 
ixy and "the simple equation for defining the e3:ter- 

nai statically inde terminates with rigidly restrained 

joint is: 

l/l (Xx+i.r. 2 X^. + X^^O +t^(z)-=0, : 

wherein the unknown T^y is contained /wi.thin t''^ (x) 
external load,' 

How we proceed to Prof essor Melan' s method of resolv- 
ing the differential equations: . ; * 

1, The general resolutions Lxy» -*^xy» ^xy of the un- 
homogeneousne ss, simultaneous system of partial differen- 
tial -equations, " " ' . ' ' 

^x(cpL) +-.6 Dx(z) = - Uxy»/^:^.(H-^^'0. + 6 Dy(z) - 0, 

Dx(L) + Dy(M) = - T^^y " 

can- he developed f rom the proper ' resolutions. -Yi , rii.:. of 
the homogeneous simultaneous system of the same partial 
differential equations , 
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*x((pL) +'6- D:x/(2)' ^^ D,/ y (i^H) + .6 -Dy (sO 

a.nd from the*, resolutions Xi and Ti of ' an unhoraogenVons 
system in the following form: 



m- — " - m . m — . .. 

•. W =• i'^^V^l" "nit . Hxy.= ".2 Ti ii:,. -.-Zxy =' ..2. /ti'-Tli. . 

X O 1 — 0 .../.. • • -1 — 0 • 

2, Tor defining the proper resolutions of the homoge- 
neous sy.stem .of partial dif f ere-ntial eqviations: the.. -.simul- 
taneous system resolves itself with . • . r*. : 

^xy -r- ^Ik ^ly* '-- '^xy ~ •^ms.' "^my . "?2y." " ^-x ; : 

into two groups of .two .ordinary differential equations 
each: 

^x(cpX).+ 6 Dx(0 = 0, Dx(X) - X'^ = 0 for Xi and' Yi • 
and 

,>y(tY) + 6 DyCr,) = 0, Dy(Y) - >i' Ti = 0 f or Yi and' Tji . 

They reveal- X' arid V* - as roots' of. the frequency 
equation, produced "by making the coefficient determinants 
of that system of equation = 0 -which take.s the place of 
the differential equation, 

3« For defining resolutions X^ and ii of the unliomo- 
geneous 'system the load terms Uxy and Txy . are- .developed 
according to the proper resolutions r|.^ determined, above, 

m 'm i 

• '^^^ " i=o ^"^^ • ^ -^^^ i-So * ^'^^^ • 
wherehy, if the T^^ are regulated,- 

m . . m . 

The result i & -the * simultaneous, system of ..ordinary dif- 
ferential equations' .•'•>•:..;.■ 

^x((p Xi) + S Dxdi) = - Ui(x)', ' D^'(Xi) + Xi"Ti = ti.Cx) . 

for and ^i. 
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4i iTow the genera,! resolutions Lxy* ^xy^^zy 
are computed conformably to the equations 

. ■ m. _ m _ ^ — 

Lxy = Z Xi rii. Miy = ,v Yi ii." z^^y = Z li.-Tii ; 
i=o 1=0 . i=o . 

hy matrix multiplications. 

This is a brief "outline of the general method of- Tes 
olution and we proceed to the concrete calculation of the 
first loading attitude (spar 0 loaded). 

In this case the unhomogeneous, . simultaneous. partial 
differential equations read 

^x(cpL) + 6 Dx(z) - Uxy» i»y(til) 6 Dy(z) = 0 
Dx(L) + Dy(M) = ^ T^y, 
wherein . 

Uxy = 0 for all y = 1 , 3 , 3 , 4, 5 , 6 

Uxy = 6/1 X 8/3 (cpx <Px+i) = 4 (cp^ + c?3.+i) for .y 

and 

Txy = .0 for all • y = 1, 2, 3, 4, 5,. .6 . , . 
Txy = 4 for y = 0, 

The proper resolutions of • the homogeneous equations 

* ■ • 

i^x(cpL) + 6 I)x(z)'-= 0/\^y(>|/M) '+ 6 Dy(z)* =■ 0", •■ * 
Dx(L) +. Dy (M). = X z 
are developed in direction y (of the unloaded members), 
3y the agency of 

.I'xy ^Ix ."^ly* ^^xy " ^mx ^my» ^xy ~ ^x 'Hy* 

the homogeneous, simultaneous system of par tial differen- 
tial equations can. .be resolved into two groups of tiro or- 
dinary differential equations with cons.t^nt coefficients 
each 
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^x(cpX) + 6 Dx(^) =-Q, D?.(X). for X and i 

and . . .. 

• -^yC^i^Y) .+ 6 .Dy (ri) 0, . Dy (Y> X!. Ti f.or Y and.T), 

wherein tlie second group foi* Y and T) ' is of , primary ''^n^ 
• t erest*.* * " " ' '.. \ 

Bearing in mind the interconnections. 

^ (^y Y^) = tyCA^ + 6) Y^ 

(A^ difference of second order, e.g.: 

; ; :A^ y. =. 7x-^i' 2 yx y.x-i) » 
wherein, ^y ^ =. .constant 

■ hy = h = " 

the equations 

■■■■■■■ '^^k(^^t) + -6 Dy(T!) = O', Dy;(Y) ^ -x'-TI ■ • • 
can "be written in the form:- . ; • ■ 

CA^ + 6) Yi + 6 Tii = 0 

AMYi) = li Xi" Tii. . 

With 

Hi = -yif h Y^ stnd cui '= h^ Xi-'' ^ ' 
we obtain the normal form 

' ■ • ■•• (A^' + 6) Hi + 6' A^- r\i = 0 ■ . 
" ■ •■ ■ A® Hi =. (oj Tii ■ • 

with the ."boundary conditions .for -•• 



* 
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• .. . • ' - " ' 

y = 0 .... H^y-.i = H^y = p. , . . • ■ ::- 

' y ~ 6 « • • • H y = H^y+l ^ 0« 

The normalized solutions, for H^y and' r)i • of. this 
system of'.. equations with' such' t6unda.ry condi ti ons may be 
found in the previously . ment.ion.Qd vp-lume of. Blei6h-l^i an;* ' 
The ..de s ir e d ':v alue S ar e • • * • *' ' ' " 

Yi = Hi/\l/h; .Xi.-P:/*)t/h^^lr^•0 . .: - 

To determine th.e so-lutioiis for \ Xi and of the un- 

homogeneous equations, we first develop the load terms 
Uxy 2,nd Txy according to the-;pi*oper . resolutions v^ii 

m' ... ' m • ■ ' • • * ' ' 

1—0 1—0 

In the construction of the "^i (x) ^* *o "be oh- 
served that U^y = 0 for all y other than zero, hence 
the sum itself reduces. to one single term; likewise in 
the construction of t"^ (x) • • • '^xy = 0 - all y other 
than zero. In addition, the reactions at the joints x = 
6«7 are here also to he treated as external loads • 

ITow follows the calculation of and from 

^x(q)x Xi) + 6 Dz(li) = ^ "^iCx) 
Dx(Xi) + Xi" li = - ti(x).. 

It "being impossible to give a general solution of 
this unhomogeneous simultaneous system of ordinary differ- 
ential equations of the second order with variable coeffi- 
cient in closed form, numerical resolution is resorted to. 
Resolved from the second equation and written into the 
first Ti is eliminated, and Xj[ yields 

X" ^ (cp Xi) - 6 D D(Xi) = - u(x) X" + 6 D(ti(^.)) 
(a differential equation of the fourth order for Xi) . 
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Specifically* at'point ir: - -'^ ' 

= - u>i/)lr u(x) + 6/l (tx+i '-^ + . . 

wherein " " ./p . • / p- .a 

^1.. /.'Vk;7:-;2\[i8/i^;^ (cpx:.+;.$5c+i) w3:/>if:ii^3^'' j^J'j^ 

This equation is to "be posed for z = 1 in the n- 
panel: system, the. ;first . tine , for x = n - 1-: the last time, 
and for x for_all.in *between«_ Agreeably, to the-. redun- 
dant unknowns X^^^, Xq, X>^, ^11+ i» there are four "bound- 
ary conditions for the free "baundaries : 

X = O...X^^ = Xq .= 0 X = 13...X13 = Xi4 = 0. 

Because of the symmetry of the supporting structure -i'ft' 
question, from the remaining twelve unknowns, it is para- 
mount that . * . • . 

Xj^ =?= Xt^2,- = Xj^j^^ Xs.'^.Xj^o'stc.,' 

so that only the equations from x = .1 to , x .= 6 ha.ve to 
he worked out. . . •. . - 

This group of six equations , "^.with six unknowns, is 
now developed for i = 0, i = l, to_i = 6 and re- 

solved, yielding the numerical ' values for X^ . 

As to * Ti» recourse is had to the second equation -of 
the iLnhoiftogeneous simultaneous system and .results in. 

; li = pi/i (^+x - 2 t x^^i) + tV(x>j»:: - ^l 

wherefrom Ti can '."be readily computed. For i == 0 - ;and/: 
i = li this formula, -however, lee^ds to the unknown -.valUQ 
per cent :and in-.this range Ti is defined "by resol^firig 
the first equation' 'of - the unhomogeneous simultaneotis' sys-^ 
tern. In this manner the numerical values for t,^ and 
E"k'^ are ' computed and all moment s^ at the spar and the 
joints -can -be -expressed according to* the formulas • 
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I-xy = .2 Xi T)i - and Uy,y , = - t ti Ti . ' ' 

The displacement at the joints, developed from 

m ^ 

contain, in yleW .ofykssuming' ' Zg^', ^^o * ^ee * ■ s ~ ^ 
a displacement (or torsion) which the grillage executes 
as rigid body and which is readily eliminated by linear- in- 
terpolation. (This- displacement ' (or • torsion) - should not 
be confused with the previously cited hyperboloidal curva- 
ture of the complete structure,) . . ■ 

For the. second load attitude (spar I loaded) the un«» 
htW2]LOgenepus simultaneous equations read:/ • 

. D -&x(.cpl-)' .+ 6 .D.x(z) = -.Uxy ^7.(W ■+ 6 Dy(z); = 0 

DX(L) + Dy(li) = Txyt 
wher-eln ' * 

Uxy'^.P 'ioT ali *y = 0, 2", 3, 4, 5, 6- 



U^y = 6/1 X 8/3 ici>^ + cpx+i) = 4(c{)x + y = 1 

and 



Try = 0 for all y 0, 2, 3, 4, 5, 6 



Tj-y = 4 for y = 1* 

The solutions of the homogeneous isystem of equations 
are identical with those for loading condition:!,, The so- 
lutions Xi and Ti of the unhomogeneous equat i ons are -de- 
fined as before and so also the desired unknowns. The 
other load attitudes (third, fourth attitude) now caJi be 
nemputed as the others, so that, because of the symmetry 
of the structure to the median spar, the moments at the 
joints, at the rib's, and joint displacements are kno^n' for 
any possible load attitude and the influence lines can be 
plotted. The evaluation of these lines with the perti- 
ztent load attitude then yields the moments at the joints 
and- therefrom all stresses in the members." 



The numerical data of the di scussed f our load atti- 
■tuiies..are tabulated and appended in Tables. J to. lY. 
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•f f • -liiD • combi'n'ed" effect' 'were IntroducVd. /suit 
"between -tlie individual; *;spars , each, spar would 'have* to" car- 
ry i*ts full' proportion o'f the load, and 'under these d'ondi- 
tions the moments at the spar, joints are rea^dily. computed 

from'"Lx'=^ at' - •= * • ; :.-.v • 

Lo.= 0, Li = - 8," £2 = .32-, L3 - 72, L4 = 128, 

L5 = - 200, Lq = 288. 

In order to represent clearly the results of the stat- 
ic ' calculation and for rea.dy reference in a particular case 
the influence lines for all moments at spar Joints, rib 
joints and displacements of joints must be drawn. Beca-use 
of the symmetry of the beam to spar III, plotting of the 
influence lines is confined to those for spars 0 to III. 
In Figure 3 is given a sample of the actually drawn influ- 
ence lines, those remaining being readily apparent from 
the data in the tables. 

•Aside from the exact determination of the internal 
loads of the grillage, the exact a,mount of its deflec- 
tions is not only of interest from the general point of 
view, but it is rather .preci sely these vshich onalile us to 
draw conclu.-'.ions with an accuracy unattainable heretofore, 
regarding tho statical combined effect between grillage 
and a metal skin, be it of smooth or corrugated strip. 



SUMMARY 



In a great majority of modern large cantilever or sem- 
icantilever ©airplanes the wing foims a lattice beam whose 
members consist of spars (from 2 to 10, according to spe- 
cial design) and ribs. Spars and ribs may be solid or 
lattice, the latter being more economical in most cases. 

Loads in form of attached bodies, engines, propellers, 
controls, useful loads, wing bracing, etc., s-re impressed 
at arbitrary joints of the lattices beam (comprising both 
wings) in accordance with the particular case of a ce,nti- 
lever, semica-htilever , indirectly, or more or less direct- 
ly loaded wing. Such highly statically indeterminate lat- 
tice beams yield readily to accurate determination by 
means of differential equations, regardless of type of 
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• i'oad, * change bf -moment s oiT indr tTa> s'pa;i*-s -aiid Vibs-j spar 
spacing, "body .^it tachment cohdi ti ons / vetcV*^-' -Becaus-e -the*' 
load^= v-^ry, ' tlie -use of influence lines- "is- T-fe'teomiffended,- 

In the present report the computa^tipn iSr ractually 
carried through for the case of parallel spars of equal'^ • 
resi stance ' in "bending without direct loading, including 
plot'ting •*t)f thfe infl'uence lines^ for other cases the meth- 
od of calculation is explained. The dovelopinent of largo 
size airplanes can be speeded* up by 'accurate methods of 
calculation, such as this. 



Translation' hy J. Tanior 
illat i'onal Adiori.s ory Commi 1 1 ee 
for Aeronautics,. 
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Influence lines of moments et 
spar Joints L^^g? nioraents at 
rin joints Vix^2f displacement 
of Joints Ek Zj^ o 

Fig. 3 Influence lines of 
wing structure. 



Fie-, r-. Moments of inertia 

of a multi-spar, 
cantilever wing structure 
ritli Parallel we'bs. 
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Fi£^. 1 Dis-:;l!icen!eht of resultrnt 

of T'lr load with chaiv^e 
in an^rle of attack. x'tit.'^. 



